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(1)Current  Algebra Descr iption of  Free Fermion

Particle Description Fluid Description



(1)Current Algebra of Free Fermion

For free fermion, we check the operator  

dynamics in the Heisenberg picture.

Particle Current

Both of them acquire a U(1) 

phase under evolution!



(1)Current Algebra of Free Fermion

● Get ting the Equation of Motion correct is not enough.

● Does current operators 𝜌𝑞  obey boson’s commutation relation?

Do we fail?



(1)Current Algebra of Free Fermion

● The canonical  commutation relation does not give you the r ight answer!

The summation is 

performed on the 

interval [−𝛬, 𝛬]

The commutator of current operator is 

a c-number. It is boson!



(2)Bjorken-Johnson-Low Prescription

● The previous method works wel l for  free fermion. Here we introduce a method that 

calculates the anomalous commutator  directly f rom correlation function.

The matr ix element of anomalous commutator depends 

on the high-frequency l imit. This impl ies the 

robustness of anomalous commutator  to interaction!



(2)Bjorken-Johnson-Low Prescription

● One can show that BJL prescription reproduce the U(1) Kac Moody algebra for  chiral  

fermion.

lim
𝜔→∞

𝜔𝑇(𝜔)



(3)HK Model

● HK Model: A NFL theory that breaks 𝑍2  symmetry.

𝑂(4)

𝑍2 × 𝑆𝑂(4)
● The HK model has Green function zero, which leads 

to v iolation of Luttinger Theorem.

Could one find a local  solvable theory that has the 

simi lar  correlation function with HK in the low -energy, 

long wavelength limit? 𝑁𝑡𝑜𝑡 𝑉𝐹𝑆



(4)Current Algebra for HK

● In HK model, the eigenpartic les are not bare fermions, but holon and doublon!

● Instead of  bare current, one should work w ith par ton current

𝜌𝜉𝜉,𝜌𝜂𝜂: Projection of current to Upper/Lower 

Hubbard Band

𝜌𝜉𝜂,𝜌𝜂𝜉: Mixture of Upper/Lower Hubbard Band



（4）Current Algebra of HK

● We may use BJL prescr iption to calculate anomalous commutators between these 

parton currents

● We consider ground state with fi ll ing sur face at Low Hubbard Band

(1)  Since no double occupancy, there is no support for 𝐽𝑈𝑈

(2)We assume the perturbation is smal l enough that one can

approximate the commutator with the ground state average value .

(3)We average over all  degenerate ground state in HK when 

evaluate commutator  using BJL



(4)Current Algebra of HK

● We may star t wi th projected density 𝜌𝜉𝜉 .

● In general , the projected current 𝜌𝜉𝜉  is not conserved subjected to an external f ield. 

The Projected Charge

Add Onsite 

Potential

Must include 𝐽𝐿𝑈  , 𝐽𝑈𝐿  to 

satisfy conservation law!! 



(4)Current Algebra of HK

The 1st/4th l ine is der ived from BJL prescr iption. 

The 2nd/3rd line is f ixed by conservation law.

To get the commutator 

[𝜌𝜂𝜉 , 𝜌𝜉𝜂 ] , there are two ways 

(1)using the Jacobi identi ty.

(2)using BJL. 

The latter y ields an extra 

nonlocal equal-t ime commutator, 

which is suppressed by 
𝑞

𝑘𝐹
.



(4)Current Algebra of HK

The parton current in the charge sector is affine 

su(2) Lie algebra!



(5)Hamiltonian

● Under the Heisenberg picture, the current operator  only gain a phase under time 

evolution.



(5)Hamiltonian

● We can use a LOCAL hamil tonian to generate the correct energy.

Jz commutes with J^2 i f there 

is no anomaly. Schwinger term 

gives you kinetic energy vq. 

Zeeman field that generates 

the energy difference U



(5)Hamiltonian

● We can use a LOCAL hamil tonian to generate the correct energy.



(6)Topology and Geometry Aspect

● We could modify the second term.

Berry Phase

The effective action must 

e multi-valued  function 

of U!
Relation with anomaly 

in LW Functional?



(6)Correlation function

● We may compare correlation function from our Hamiltonian and the Kubo formalism

Kubo：Imaginary time-ordered correlation function

Current Algebra: Real t ime retarded correlation function

The di fference is controlled by 
𝑞

𝑘𝐹
 and 

𝑣𝐹𝑞

𝑈
.

In the l imit 𝑘𝐹 , 𝑈 → ∞, the di fference goes to zero.



(7)New Interpretation for HK model
● We show that a local  model could restore the equation of motion and two-body 

correlation of band HK model at IR l imit.

● The local , wel l-defined excitation in HK model are par tic le-hole pair  instead of single 

partic le operators!

● Maybe we could interpret the nonlocal ity of HK model as a resul t of rewr it ing local  

degree of freedom in nonlocal  way.

Local SU(2) Object Nonlocal particle-hole cloud



(11)To Do List

● (1)Ambigui ty of BJL Prescription

● Replacing commutator  with ground state expectation value might miss something

● (2)Response: How to couple the Hamil tonian to gauge field

● (3)Generalization to other model: MMHK, 1D Hubbard, higher dimension?

These terms have zero 

expectation value on GS, while 

necessary to  close the algebra!



Thank You!


