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Background: Quantum Geometric Tensor

» Given [y (A)) parametrized by 4 = (14, ... 4y, ..., 4,), the
quantum geometric tensor (QGT) Q,,,, is defined as

Quv(A) = (02, Yo (D) (1 — |1 (D)) (o (A)])]02, 10 (D)) gauge-invariant
and Hermitian

l

o e e z\
Real and symmetric Imaginary and anti-symmetric

Fubini-Study (FS) metric G, Berry curvature F,,



Background: Berry Curvature F,,
Fry = 2Im(0,,,%0(4)|03,10(4))

» Noninteracting limit: 4, = crystal momentum k,, [Y,) = |u, (k))

!

systems: 4, = twist angle ¢, [o) = |GS(¢))
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* For a non-degenerate gapped ground state of U(1)-symmetric
Hamiltonian with finite-range interactions, quantum Hall oy is

e’ 1
oy = = m z %dekvdku Zlm(akvunlakuun)
neocc
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Background: Fubini-Study Metric G,

1
Gy =51 |02, PO, PD)| - PA) = [Yo)(abol

* Quantum distance between [Y,(4)) and |P,(4 + dA))
ds? = Gy (A)dAHdAY
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Background: Fubini-Study Metric G,

* Noninteracting: measure localizability of Wannier function |wy)

(Wil (2 = R)2|wi) = ¢ ;;;ld 2 [ dOK[Gup () + (A% (K))?]

Marzari & Vanderbilt (1997)

* Interacting systems: polarization fluctuation

1
G,uv(qb) = V [(XMXV>O - <Xﬂ><XV>0]

Souza et al. (2000)



Background: Several Applications
* QGT @, (¢p) probed by absorptive conductivity via SWM sum rule
1 (0 , o8 (w)
vV ;f0+ d(,() . abs(w) =

w
» Topological bound via positivity of @,

(Chern bound)

Nlr—\

[0 (w) + 0" (w)"]

2mTh%n
E, <
g IC|m

e Criteria for ideal Chern bands from GMP algebra analogy
« Superfluid weight in flat-band superconductors



Motivation
* Limitations
(1) linear order
(2) zero temperature
(3) noninteracting fermions + crystal momentum
(4) Interacting fermions + twist angle parameterization



Motivation: Current frameworks beyond noninteracting QGT

Finite Interaction Generic Higher-Order
Temperature /Disorder Parameter
SWM sum rule
[Souza et al. 2000] X v X X
Quantum Fisher Info
[Hauke et al. 2016] \/ \/ \/
Nonlinear
(Optical) Response X X X \/
[Ahn et al. 2021]
Time-dependent QGT
[Verma et al. 2024, V4 v X —>/ X

Ji et al. 2025, etc]




Motivation

* Limitations

(1) linear order

(2) zero temperature

(3) noninteracting fermions + crystal momentum

(4) Interacting fermions + twist angle parameterization

* Question

(

\§

Can we develop a unified geometric
framework beyond all four limits?

\

J
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Bures Distance

* At finite T, pure state — density matrix
* V purification {(|y1), [¥2))} of (p1, p2),

2
Fidelity F(py,p;) = <T1‘\/\/EP1\/E> > (1 ]2)]?

 Bures distance dgz: minimized quantum distance

dg(p1,p2) = \/2 - 2\/F(P1»P2) = \/2 — 2{1 [P )

Specially, if (1) p1 = p2,dp = 0; (2) p1 L pp, F(p1,p2) = 0, dp = V2.

11



Methods: Bures Distance Expansion

* In the condensed matter scenario, we start from

p(t = —o0) = po = e~ /Z,
* Then apply (weak) perturbation 6H
H =Hy+0H = Hy+ \f'(t)B,n(t) p=1,...,N
* Time-evolved p(t) can be expanded as

p(t) = po + Ap1(t) + Npa(t) +. Lo [ Lo

X [By, (t1 — 1), — 1), [ (B, (tn — 1), pol]]]

mm) Functionals of {Af*(1)}re(— o]

n times
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Methods: Bures Distance Expansion

4 , )
ds(po, ()" =2 = 2Tr VAo (0P

measures how distinct p(t) is from its equilibrium Po

.

« From RHS: expand d% via perturbation

Quantum Fisher
Information F, [pl]

A <n|p1 Iff’) (f’lpl 1£) (€] p1 |m) (| p2 1€) (€] p1 ) + (n] p1 [€) (€] p2 )
[_ 2 (,% (Pe + pn)(Pn + Do) - % Pn + Dt )J

Guan and Bradlyn, Phys. Rev. Research 8, 013291 (2026) 13



Interpretation of Geometry

Band Theory
‘ Manifold T
’ p”"baCk Coordinates k%, ... k%
w Tangent vector  {Ak*}
Distance ds? = k)AkH*AKY
State Space CPV~! Td (Brillouin Zone) Guv (k)
Our framework
Space of Density Matrices D \anifold function space F (infinite-dimensional)

l pullback

Function Space F

Coordinates UH(T) be(—oo ]

, 0,4, t
Tangent vector  {§/#(7)};e(—oo,t] Ju ;f 1 t2)

Distance ds? = [ dtidty gt e [FOISFF DSV (L)
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Methods: Bures Distance Expansion

7

.

dB(Po:P(t))Z =2 - ZTF\/\/EP(Q\/%

* From LHS: treat {Af#(t)} as coordinates on a manifold

dg(po, p(1))
= f())L dA’ \/f dtydty g,y (Af, ¢, t, t) fR(E) fY (E2)

infinitesimal line element
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Methods: Bures Distance Expansion

( )

dp (Po»P(t))Z =2 - ZTF\/\/%P(U\/%

.

« From LHS: expanding g, (Af, t,t;,t;) near Af = 0 yields

dg(po, p(t))? :()\2/dhdb!}w(t,thb)f”(h)fy(b)

43 / dtvdtadtsT o (0, 1, s, £2) f2 (1) f (£2) f*(tg)} OOY)
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Methods: Bures Distance Expansion

Matching LHS and RHS of d4 order-by-order gives
(1) Bures Metric at 0(1?)

T m
/dtldtggw(t b to) FE(E) 2 (1) Z [ (nlprlm)

|2

nm  Pn T Pm
1 2 E(t-—t) zw(tl tg Bw 1
G (t, 1, t2) = o [[e "0t —t) /dwe tanh — S 1X (W)
i=1
Causality Sdpeencstirta;l

spectral density x.,(w) = —3 [ dte™([B,(t), B.(0)])o
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Methods: Bures Distance Expansion
(2) Bures Connection at 0(13)

/ dtydtadtsT s (b, b1, ta, t3) P (81) £ (82) f (Es) = T (£) + T (1)

18



Methods: Bures Distance Expansion

(2) Bures Connection at 0(13)
* Fisher term

Tf(t) = lz (n| p2 [€) (€] p1 |n) + (1] p1 [€) (€] p2 |n)

2 ", Pn +p£

accessible from expanding Quantum Fisher Information
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Methods: Bures Distance Expansion

(2) Bures Connection at 0(13)

 Fisher term
Ot —

6772

X ei[(wl_wz)t3+w2t2—wltﬂ[}<z1u3u2 (wth)]] + { (1, ts) < (15, t5)}

I (t,t,ty, ts) =

1 42 143

t2) H @(t — t,,;)edi Im[/dwldwg tanh IB(MIQ— CUQ)

second-order spectral density

1 : :
Xjur sz (W15 002) = 7 /dtldt2€w1t1€w2t2X([[Bul (0), Byus (—t1)] s B, (—t1 — £2)]),
Bradlyn & Abbamonte, Phys. Rev. B 110, 245132 (2024).
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Methods: Bures Distance Expansion

(2) Bures Connection at 0(13)
* Intrinsic term

ey = Ly (0121 1) €11 16 (@ pa )

24 (pe+pn)(Pn+ D)

appears at each order of the Bures distance expansion.
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Methods: Bures Distance Expansion

(2) Bures Connection at 0(13)
* Intrinsic term

5(011 — wz)
2

K123

. 1
| (t, tl, tg, tg) = _E H @(t — t?;)edi Im[/dwldwg tanh % tanh

X Bi[(wl_wz)t3+wzt2_wltl][sﬂw3#2 (wla WQ)]] T {(iuia ti) A (“jﬁ tj)}‘

[ XZl#3ﬂ2 (w1?w2) — _ﬂ-2 [Sum:am (wlvw?} o 8#3#1#2 (w2 — Wi, WQ)] ]

Sy (W1, w2) = o3 [ dtydtae™ e ([B,,, (—t1) B, (0), By, (—ti — t2)])o

independent of second-order response

22



Advantages of Our Framework

Finite Interaction Generic Higher-Order
Temperature /Disorder Parameter
SWM
Sum Rule X v X X
Quantum
Fisher Info v v v X
Nonlinear
(Optical/Hall) X X X V4
Response
Time-
dependent V4 V4 X —/ X
QGT
Our
Framework \/ \/ \/ ‘/
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Advantages of Our Framework

I Finite Interaction Generic Higher-Order
Temperature /Disorder Parameter
SWM
Sum Rule X v X X
Quantum
Fisher Info v v v X
Nonlinear
(Optical/Hall) X X X V4
Response
Time-
dependent V4 V4 X —/ X
QGT
Our
Framework | \/ \/ \/ ‘/

1 = ; — tw(t1—
Bures Metric ¢, (t —t1,t —t2) = 5 [Te“ POt —t)Re [/ dwe™t1=2) tanh

2

Bw 1"

Xvp

(w)
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Advantages of Our Framework

Finite Interaction Generic Higher-Order
Temperature /Disorder Parameter
SWM
Sum Rule X v X X
Quantum
Fisher Info v v v X
Nonlinear
(Optical/Hall) X X X V4
Response
Time-
dependent V4 V4 X —/ X
QGT
Our
Framework \/ \/ \/ ‘/

Bures connection I',,x < Spua(wi, w2)




Advantages of Our Framework

mn

Apply it to three experimentally relevant limits

depehdent

Finite Interaction Generic Higher-Order
Temperature /Disorder Parameter
SWM
Sum Rule X v X X

\V/ v N7V X
QGT
Our \/ \/ \/
Framework \/
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Applications of the Bures Metric

« Quasistatic limit; f“(t) = f* « Instantaneous limit: f*(t) = f*4(t)
1 1 Bw : 1 Bw
q.s. _ _ T = /" inst — = /"
9y . dww2 tanh 5 Rexw(w) 9y (1) 27T@(t)/alwtauah ; Rexy,, (w)
Ji et al. (2025) Hauke et al. (2016)

Results in different limits are unified in our framework.

e Infinite-time limit: f*(|t| = o) — 0

K2 Bw

—5 dw tanh 7[f”(—w)x,’/’u(w)f“(w)]Jr O(r°)

A new geometric interpretation of Fermi’s golden rule

dB(po, p(t = 00)) =

24



Applications of the Bures Metric

Quasistatic Limit

fu

» Quasistatic Limit f*(t) — f* |
 Current perturbation c
Hy=Hy—) g Ay Ay,
n=1

Time T

twist-angle metric and SWM sum rule

Voo 1 Bw
q.s. . T 224
Iy = — . dww tanh —Rec’|  (w)

Dissipative conductivity ol (w) = md(w)D* — P=[x"]* (w)
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Applications of the Bures Metric

Instantaneous Limit

e Instantaneous Limit f*(t) = f#o(t) |
* Density perturbation

0H = 334 0q0(t)p—q ] \

Field f#(T)

e Instantaneous metric

gq(t) = %;) /OOO dw tanh %{J (1 - e_ﬁ‘”) S(q,w) + S(—q,w)]

1

Dynamic structure factor S(q,w) = & [ dte™* (pg(t)p—q(0)),



Applications of the Bures Metric

* [n the zero temperature and long-wavelength limit,

1

Jq(t) = @(t)qﬂqugéi.

- For any pair of operators B, and C, satisfying C,, = 6,B,, =i [H,, B,]

955, (t) = O)gc.c,

27



Applications of the Bures Metric

o Infinite-time limit f*(|t| — ) -0 and t — 400

Realistic Field

Field fH(t)

0

Time (£)

limy oo [ dtrdtagu, (t —t1,t —t2) fF(t1) f7 (t2) = —% /dw tanh %f”(—w)xﬁu(w)f”(w)

» Taking derivative w.r.t. f*(w) yields

1 5&)1 17

g;ﬂ/(wla wQ) — _%5@01 + wQ) tanh TXuv(wl)

28



Applications of the Bures Metric

Limits Perturbations Bures metric

Quasistatic —j*A, + O(A?) z Jor dw< tanh %"Reaabs (w)
Instantaneous < Z Pqd(t)p— % Jo dwtanh 2 (1—e ") [S(q,w) + S(—q,w)]

Infinite Time any — 5= 6(w1 + w2) tanh B"“’l Xpow (W1)

29



Application: Bures Connection

o0

S . 1
* Quasistatic limit + current perturbation Ha =t~ —j A, ... A,

n=1

Must consider diamagnetic contributions beyond Af*(t)B,n(t) !

= Z/ dtl tl tl — t) p()]

/ dtq /tl dt?( (t2) |77 (8 — 1), |77 (¢2 —t)aPOH)

[ / dt1 A, (t1) AL (t1) | J" (81 — 1), POL]

30



Bures Connection: free fermions atT = 0

» Band-theoretic Christoffel symbol Definitions:
A 1 A A ]\ Fagk = (Uok| 105, [ugi)
LA (k) = 5 (0"g" (k) + 07" (k) — 0"g" (k) g™k = 3 Re(r’srtio)

aEunocce
BEocc

» Under quasistatic current perturbation:

K
[oe = —VALA A, / Sl

BZ average of the totally symmetric Christoffel symbol

» Quasistatic Bures connection is a many-body generalization of
the Christoffel symbol, valid for interacting systems at finite T.

31



Multi-State Geometry of Density Matrices
and Rectification Sum Rules

Barry Bradlyn, arXiv:2608.06326 (2026)

* The same formalism can be extended to the other quantities in
quantum information geometry.

* In QIG, the mixture/exponential connection is not compatible

with the metric. Amari & Nagaoka, Methods of Information Geometry (2000)

* This IS exactly the
in the sum rule for the conductivity.

32



Nonlinear Optical Response

* A weak electric field induces a second-order current density

(@) = [ dandw, 6 = 01 = )05 (1, 0) By (01 Er (@)

E,(t) = de E,(w)e tt

Monochromatic input at +w Output frequency Current response
W= Wy = tTw +2w Second harmonic
W1 = —Wy 0 Rectification

33




Rectification: Drude, Injection, and Shift

Selected Contribution Physical picture

Nonlinear Drude Low-frequency acceleration of mobile carriers
Injection current Current grows during illumination until relaxation
Shift current Polarization changes during an optical transition

And additional frequency-dependent terms

[ Next step: a sum rule for the shift current contribution J

Watanabe & Oshikawa, PRB 102, 165137 (2020). 34



Motivation: A Nonlinear SWM Sum Rule

Linear SWM sum rule at T=0

%
Reagbs(a)) 1

Gy (@) = %fooj- dw w R [(XMXV>O _ (Xlt)(XV)O]

Nonlinear shift current sum rule

Band theory limit: the integrated shift response contains skewness
of X,, and a multi-state geometric contribution.

What is this multi-state contribution
when interactions and disorder are present?

Souza, Wilkens & Martin (2000). Avdoshkin, Mitscherling & Moore (2025) 35



Shift Response Beyond Band Theory

Consider a large but finite system with open boundaries

Hyla) = E4la), Pa = e_'BEa/Z' ch = (a|X¥|c)
X is the total position operator, V is the volume, and 3 = 1/T.

H'(t) = E, (DX,  J* = i[Ho, X¥]

A
SLA@) =T Y (Pa = P — KEDKeKE, 80— Eq + E)
Ea>EC

JMpe/V = fO do 6" (W)Ey (0)E} (@)

Bradlyn, arXiv:2608.06326 (2026) 36



The Many-Body Rectification Sum Rule

Let |0) denote the ground state. Define its position fluctuation and skewness

SXF = XE— (XM, Cropp = (SXAEXHEXV)q

The zero-temperature complex distortion contains virtual excited states

Sy = imSy (1) = ) XGXE, Xy
a,b>0
The prime excludes E, = Egterms.

4 )

1 _2. »
;11_13(1) T dw oy h1ft (w) (C/luv — Sauv)

. 0 J

No assumption of clean bands or noninteracting electrons

Bradlyn, arXiv:2608.06326 (2026) 37




Why Multi-State?

The correction contains matrix elements between two excited states

!/
_ A U %
S/’luv — Z XOa Xab XbO
a,b>0

excited-state
transition

0) < a) - b) - |0)

The product follows the closed virtual path 0 —- b — a — 0.

[ Spuv cannot be written as a ground state quantity. J

Bradlyn, arXiv:2608.06326 (2026) 38



What the Optical Sum Rule Measures

Commuting position operators make the skewness real and symmetric
1™ A 3)
u;v _ 3
Ejo dw Re g (w) = (CMV — Re 53,,,)

1 2

gJo dw Im o hlft(a)) = —Vlm Sapv

Linear polarization probes the symmetric combination.
Circular polarization isolates the antisymmetric part of S.

Bradlyn, arXiv:2608.06326 (2026)



Density Matrix Geometry: Notation

Use external fields A(t) as coordinates and 9, = §/6A*(t)
p(A) =U@)poUT(A),  py =0up = {Gy, p}

G, is half the symmetric logarithmic derivative (SLD) at T > 0.

Object Construction Meaning
Quv G,pGy QGT operator
Iuv Tr(p{Gy, G,})/2 Bures metric
Fuv —iTr(plG,, Gy])/2 Uhimann curvature

Tr Q,uv = Juv — iT,uv

Bradlyn, arXiv:2608.06326 (2026) 40




Mixture and Exponential Connections

A connection specifies how to compare tangent vectors at nearby states.

py = 0yp = {Gy, p}, Fuva = g(Vaﬂaw 0 )

Mixture (m): differentiate the density matrix tangent vector p,,

m) _ 1 _
Lve = ETF(GJPMV)' Puv = 0,0,p

Exponential (e): differentiate the tangent vector G,

(e _ 1
ruva — ETr(paaqu)
They form a dual pair with respect to the Bures metric:
0uGve = r'm 4 r©

Uvo Uov
Bradlyn, arXiv:2608.06326 (2026)
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Non-Metricity of the Connection

Metric compatibility means Vg = 0 for the Bures metric
(vag)uv — aaguv — Fauv — ravu
Define the quantum Amari—Chentsov (QAC) tensor:

1
Towv = Loty = Loy = 5 T0(0{G, (G G/ 1)

[ (vgm)g)uv — _Tauv: (vge)g)uv — +Tcmv J

v(0) = %(v(m) + Ve, Vg =vilg =0

Both preserve the metric. V® generally has torsion, whereas Levi-Civita is torsion-free.

Bradlyn, arXiv:2608.06326 (2026) 42



Connection to the Bures Expansion

The Levi-Civita connection follows from the Fisher connection and QAC

LC _ p(m)
I_[',I,VO' — Fuva o
Fisher term Intrinsic term

(distortion)

om) _ 1 _
Lve = ETF(GO':D[J,V)’ Puv = 0,0,p

LC (m) -
[ve and I, are both torsion-free

[ non-metricity = distortion J

Guan & Bradlyn, PRR 8, 013291 (2026). Bradlyn, arXiv:2608.06326 (2026)
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The cQAC Tensor

The derivative of the QGT contains a density matrix variation

aaqu — (aaGu)va + G,upan T G,up(aan)

The trace of the middle term defines the complex QAC (cQAC) tensor.

Object Definition Meaning
1
Touy > Tr(p{Gs,1Gy, Gy }}) QAC tensor
L Uhlmann curvature
(), _
ouv 2 Tr(p{GO" [G[JJ GV]}) d|p0|e
Zauv Tr(Gupan) — Tauv — iq)auv Complex QAC tensor

Zauv = [Vge) (9 — ij:)]uv

Bradlyn, arXiv:2608.06326 (2026) 44



The Complex Distortion Tensor

In the eigenbasis of p, let p,, denote its eigenvalues.
] rotates off-diagonal tangent directions and satisfies j* = —1.

(G]c')u)mn = —isgn(py, — pn)(Gu)mn (Pm #* Pn)

For tangent vectors u, v, w: Z(u,v,w) = Tr[G, u(p) G, ]
Object Construction Meaning
Souv Z(J0y,]0,,]0,) J-rotated cQAC
S 1(5" + Syou — Ssuv) Complex distortion
Uov o \Puve vou ouv

Complex distortion tensor enters the sum rule at T — 0O limit.
Bradlyn, arXiv:2608.06326 (2026) 45



Summary

00

2
. w;vA . (3)
;wl_r)r(l) - dw Oshift (w) = % (C/'luv o S/UW)

. 0 J

Sawv = ZapsoXia X5, X2y = Complex Distortion
* The multi-state term depends on virtual excited-state transitions

*Its band limit separates into particle and hole contributions

* The complex distortion has an origin of non-metricity

* At nonzero temperature, in general, the exact split into distortion and skewness fails.

Bradlyn, arXiv:2608.06326 (2026) 46
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  d  s 2


  |  w R ⟩


   G  𝜇 𝜈  ( 𝝓 ) =  1 V  [    ⟨  X 𝜇  X 𝜈 ⟩ 0 −    ⟨  X 𝜇   ⟩ ⟨ X 𝜈 ⟩ 0 ]


   G  𝜇 𝜈  


   ⟨  w R  |    (  x ^ − R ) 2 |  w R ⟩ =    V  c e l l     ( 2 𝜋 ) d   ∑  𝜇 = 1 d  ∫  d d k [  G  𝜇 𝜇 ( 𝒌 ) +    (  A 𝜇  ( k ) ) 2 ]    


   Q  𝜇 𝜈 ( 𝝓 )


   Q  𝜇 𝜈 =  1 𝜋   ∫   0 + ∞  d 𝜔    𝜎  a b s  𝜇 𝜈 ( 𝜔 ) 𝜔


         𝜎  a b s  𝜇 𝜈  ( 𝜔 ) =  1 2 [  𝜎  𝜇 𝜈  ( 𝜔 ) +  𝜎  𝜈 𝜇    ( 𝜔 ) ∗ ]


   Q  𝜇 𝜈


   E g ≤   2 𝜋  ℏ 2 n   | C | m


  ×


  ✓


  ×


  ×


  ✓


  ✓


  ✓


  ×


  ×


  ×


  ×


  ✓


  ✓


  ✓


  ×


  ✓


  ×


  ∀


  { (  |  𝜓 1 ⟩ , |  𝜓 2 ⟩ ) }


    ( 𝜌 1 ,  𝜌 2 )


   d B


   𝜌 1 =  𝜌 2 ,    d B = 0 ;


   𝜌 1 ⊥  𝜌 2


  F  (  𝜌 1 ,  𝜌 2 ) = 0


   d B =  2 .


  F  (  𝜌 1 ,  𝜌 2 ) =    ( Tr    𝜌 2  𝜌 1   𝜌 2 ) 2 ≥    |  ⟨   𝜓 1 |   𝜓 2 ⟩ | 2


   d B  (  𝜌 1 ,  𝜌 2 ) =  2 − 2  F (  𝜌 1 ,  𝜌 2 ) ≤  2 − 2  |  ⟨   𝜓 1 |   𝜓 2 ⟩ |


  𝛿 H


  𝜌  ( t )


  { 𝜆  f 𝜇  ( 𝜏 )  }  𝜏 ∈ ( − ∞ , t ]


   d B 2


   F Q [  𝜌 1 ]


   d B    (  𝜌 0 , 𝜌  ( t ) ) 2 = 2 − 2 Tr    𝜌 0 𝜌 ( t )   𝜌 0


  𝜌  ( t )


   𝜌 0


  D


   T d


    ( k 1 , … ,  k d )


  { Δ  k 𝜇 }


  d  s 2 =  g  𝜇 𝜈  ( 𝒌 ) Δ  k 𝜇 Δ  k 𝜈


  F


     {  f 𝜇  ( 𝜏 ) }  𝜏 ∈  ( − ∞ , t ]


     { 𝛿  f 𝜇  ( 𝜏 ) }  𝜏 ∈  ( − ∞ , t ]


  d  s 2 = ∫ d  t 1 d  t 2    g   ( 𝜇 ,  t 1 )  ( 𝜈 ,  t 2 ) [ 𝒇 ( 𝜏 ) ]   𝛿 f 𝜇  (  t 1 ) 𝛿  f 𝜈 (  t 2 )


  F


   g  𝜇 𝜈 ( 𝒇 , t ,  t 1 ,  t 2 )


  { 𝜆  f 𝜇  ( t ) }


     d B  (  𝜌 0 , 𝜌  ( t ) )


  =   ∫ 0 𝜆  d 𝜆 ′  ∫ d  t 1 d  t 2  g  𝜇 𝜈  ( 𝜆 𝒇 ,   t , t 1 ,  t 2 )  f 𝜇  (  t 1 )  f 𝜈  (  t 2 )


   d B    (  𝜌 0 , 𝜌  ( t ) ) 2 = 2 − 2 Tr    𝜌 0 𝜌 ( t )   𝜌 0


   g  𝜇 𝜈  ( 𝜆 𝒇 ,   t , t 1 ,  t 2 )


  𝜆 𝒇 = 0


   d B    (  𝜌 0 , 𝜌  ( t ) ) 2 = 2 − 2 Tr    𝜌 0 𝜌 ( t )   𝜌 0


   d B 2


   (  𝜆 2 )


   (  𝜆 3 )


   (  𝜆 3 )


   (  𝜆 3 )


   (  𝜆 3 )


   (  𝜆 3 )


  ×


  ✓


  ×


  ×


  ✓


  ✓


  ✓


  ×


  ×


  ×


  ×


  ✓


  ✓


  ✓


  ×


  ✓


  ×


  ✓


  ✓


  ✓


  ✓


  ×


  ✓


  ×


  ×


  ✓


  ✓


  ✓


  ×


  ×


  ×


  ×


  ✓


  ✓


  ✓


  ×


  ✓


  ×


  ✓


  ✓


  ✓


  ✓


  ×


  ✓


  ×


  ×


  ✓


  ✓


  ✓


  ×


  ×


  ×


  ×


  ✓


  ✓


  ✓


  ×


  ✓


  ×


  ✓


  ✓


  ✓


  ✓


  ×


  ✓


  ×


  ×


  ✓


  ✓


  ✓


  ×


  ×


  ×


  ×


  ✓


  ✓


  ✓


  ×


  ✓


  ×


  ✓


  ✓


  ✓


  ✓


   B 𝜇


   C 𝜇


  T = 0


   j  ( 2 ) 𝜇 ( 𝜔 ) =  ∫  d  𝜔 1 d  𝜔 2   𝛿 ( 𝜔 −  𝜔 1 −  𝜔 2 )  𝜎  𝜇 ; 𝜈 𝜆 (  𝜔 1 ,  𝜔 2 )  E 𝜈 (  𝜔 1 )  E 𝜆 (  𝜔 2 )


   E 𝜈 ( t ) =  ∫  d 𝜔    E 𝜈 ( 𝜔 )  e  − i 𝜔 t


  ± 𝜔


   𝜔 1 =    𝜔 2 =   ± 𝜔


  ± 2 𝜔


  𝜔 ₁   =   − 𝜔 ₂


  0


   X 𝜇


   G  𝜇 𝜈 ( 𝜙 ) =  1 𝜋   ∫   0 + ∞  d 𝜔   Re  𝜎  a b s  𝜇 𝜈 ( 𝜔 ) 𝜔 =  1 V  [    ⟨  X 𝜇  X 𝜈 ⟩ 0 −    ⟨  X 𝜇   ⟩ ⟨ X 𝜈 ⟩ 0 ]


   H 0 | a ⟩ =  E a | a ⟩ ,      p a =  e  − 𝛽  E a / Z ,      X  a c 𝜇 = ⟨ a |  X 𝜇 | c ⟩


  H ′ ( t ) =  E 𝜈 ( t )  X 𝜈 ,      J 𝜇 = i [  H 0 ,  X 𝜇 ]


   𝜎 shift  𝜇 ; 𝜈 𝜆 ( 𝜔 ) =   2 𝜋 V   ∑   E a >  E c  (  p a −  p c ) (  X  c c 𝜇 −  X  a a 𝜇 )  X  a c 𝜈  X  c a 𝜆   𝛿 ( 𝜔 −  E a +  E c )


  ⟨  J 𝜇  ⟩ DC / V =   ∫ 0 ∞  d 𝜔    𝜎 shift  𝜇 ; 𝜈 𝜆 ( 𝜔 )  E 𝜈 ( 𝜔 )  E 𝜆 ∗ ( 𝜔 )


  𝛿  X 𝜇 =  X 𝜇 − ⟨  X 𝜇  ⟩ 0 ,      c  𝜆 𝜇 𝜈  ( 3 ) = ⟨ 𝛿  X 𝜆 𝛿  X 𝜇 𝛿  X 𝜈  ⟩ 0


   S  𝜆 𝜇 𝜈 ≡  lim  T → 0  S  𝜆 𝜇 𝜈 ( T ) =   ∑  a , b > 0 ′   X  0 a 𝜆  X  a b 𝜇  X  b 0 𝜈


  E ₐ   =   E ᵦ


   lim  T → 0  1 𝜋   ∫ 0 ∞  d 𝜔    𝜎 shift  𝜇 ; 𝜈 𝜆 ( 𝜔 ) =  2 V (  c  𝜆 𝜇 𝜈  ( 3 ) −  S  𝜆 𝜇 𝜈 )


   S  𝜆 𝜇 𝜈 =   ∑  a , b > 0 ′   X  0 a 𝜆    X  a b 𝜇    X  b 0 𝜈


   S  𝜆 𝜇 𝜈  


   1 𝜋   ∫ 0 ∞  d 𝜔   Re    𝜎 shift  𝜇 ; 𝜈 𝜆 ( 𝜔 ) =  2 V (  c  𝜆 𝜇 𝜈  ( 3 ) − Re    S  𝜆 𝜇 𝜈 )


   1 𝜋   ∫ 0 ∞  d 𝜔   Im    𝜎 shift  𝜇 ; 𝜈 𝜆 ( 𝜔 ) = −  2 V Im    S  𝜆 𝜇 𝜈


  𝝀 ( 𝒕 )


   𝜕 𝜇 = 𝛿 / 𝛿  𝜆 𝜇 ( t )


  𝜌 ( 𝝀 ) = U ( 𝝀 )  𝜌 0  U † ( 𝝀 ) ,      𝜌 𝜇 ≡  𝜕 𝜇 𝜌 = {  G 𝜇 , 𝜌 }


   G 𝜇


   Q  𝜇 𝜈


   G 𝜇 𝜌  G 𝜈


   g  𝜇 𝜈


  Tr ( 𝜌 {  G 𝜇 ,  G 𝜈 } ) / 2


   ℱ  𝜇 𝜈


  − i Tr ( 𝜌 [  G 𝜇 ,  G 𝜈 ] ) / 2


  Tr    Q  𝜇 𝜈 =  g  𝜇 𝜈 − i  ℱ  𝜇 𝜈


   𝜌 𝜈 =  𝜕 𝜈 𝜌 = {  G 𝜈 , 𝜌 } ,      𝛤  𝜇 𝜈 𝜎 ≡ g (  ∇   𝜕 𝜇  𝜕 𝜈 ,  𝜕 𝜎 )


   𝝆 𝝂


   𝛤  𝜇 𝜈 𝜎  ( m ) =  1 2 Tr (  G 𝜎  𝜌  𝜇 𝜈 ) ,      𝜌  𝜇 𝜈 ≡  𝜕 𝜇  𝜕 𝜈 𝜌


   𝑮 𝝂


   𝛤  𝜇 𝜈 𝜎  ( e ) =  1 2 Tr (  𝜌 𝜎  𝜕 𝜇  G 𝜈 )


   𝜕 𝜇  g  𝜈 𝜎 =  𝛤  𝜇 𝜈 𝜎  ( m ) +  𝛤  𝜇 𝜎 𝜈  ( e )


  ∇ g   =   0  


  (  ∇ 𝜎 g  )  𝜇 𝜈 =  𝜕 𝜎  g  𝜇 𝜈 −  𝛤  𝜎 𝜇 𝜈 −  𝛤  𝜎 𝜈 𝜇


   T  𝜎 𝜇 𝜈 ≡  𝛤  𝜎 𝜇 𝜈  ( m ) −  𝛤  𝜎 𝜇 𝜈  ( e ) =  1 2 Tr ( 𝜌 {  G 𝜎 , {  G 𝜇 ,  G 𝜈 } } )


  (  ∇ 𝜎  ( m ) g  )  𝜇 𝜈 = −  T  𝜎 𝜇 𝜈 ,     (  ∇ 𝜎  ( e ) g  )  𝜇 𝜈 = +  T  𝜎 𝜇 𝜈


   ∇  ( 0 ) ≡  1 2 (  ∇  ( m ) +  ∇  ( e ) ) ,      ∇  ( 0 ) g =  ∇ LC g = 0


   𝛤  𝜇 𝜈 𝜎 LC =  𝛤  𝜇 𝜈 𝜎  ( m ) −  1 2 (  T  𝜇 𝜈 𝜎 +  T  𝜈 𝜎 𝜇 −  T  𝜎 𝜇 𝜈 )


   𝛤  𝜇 𝜈 𝜎 LC


   𝛤  𝜇 𝜈 𝜎  ( m )


   𝛤  𝜇 𝜈 𝜎  ( m ) =  1 2 Tr (  G 𝜎  𝜌  𝜇 𝜈 ) ,      𝜌  𝜇 𝜈 ≡  𝜕 𝜇  𝜕 𝜈 𝜌


   𝜕 𝜎  Q  𝜇 𝜈 = (  𝜕 𝜎  G 𝜇 ) 𝜌  G 𝜈 +  G 𝜇  𝜌 𝜎  G 𝜈 +  G 𝜇 𝜌 (  𝜕 𝜎  G 𝜈 )


   T  𝜎 𝜇 𝜈


   1 2 Tr ( 𝜌 {  G 𝜎 , {  G 𝜇 ,  G 𝜈 } } )


   𝛷  𝜎 𝜇 𝜈


  −  i 2 Tr ( 𝜌 {  G 𝜎 , [  G 𝜇 ,  G 𝜈 ] } )


   Z  𝜎 𝜇 𝜈


  Tr (  G 𝜇  𝜌 𝜎  G 𝜈 ) =  T  𝜎 𝜇 𝜈 − i  𝛷  𝜎 𝜇 𝜈


   Z  𝜎 𝜇 𝜈 = [  ∇ 𝜎  ( e ) ( g − i ℱ )  ]  𝜇 𝜈


  𝜌


  p ₘ


  J


  J ²   =   − 1


  (  G  J  𝜕 𝜇  )  m n = − i   sgn (  p m −  p n ) (  G 𝜇  )  m n     (  p m ≠  p n )


  u ,   v ,   w


  Z ( u , v , w ) ≡ Tr [  G v   u ( 𝜌 )    G w ]


     S ~  𝜎 𝜇 𝜈


  Z ( J  𝜕 𝜎 , J  𝜕 𝜇 , J  𝜕 𝜈 )


   S  𝜇 𝜎 𝜈


   1 2 (    S ~  𝜇 𝜈 𝜎 +    S ~  𝜈 𝜎 𝜇 −    S ~  𝜎 𝜇 𝜈 )


   lim  T → 0  1 𝜋   ∫ 0 ∞  d 𝜔    𝜎 shift  𝜇 ; 𝜈 𝜆 ( 𝜔 ) =  2 V (  c  𝜆 𝜇 𝜈  ( 3 ) −  S  𝜆 𝜇 𝜈 )


   S  𝜆 𝜇 𝜈 =   ∑  a , b > 0 ′   X  0 a 𝜆    X  a b 𝜇    X  b 0 𝜈 =

